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harmonic functions

Fix a positive integer n.
Suppose (2 is an open subset of R”.

(Definition: Laplacian A

For u: Q — R in C?, the Laplacian of u
is denoted Au and is the function
Au: ©Q — R defined by

Au=Di*u+ -+ Dy’u.

\_ J
(Definition: harmonic R
u is called harmonic on € if
(Au)(x) =0
Qor all x € Q. )
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examples of harmonic functions

Example: The function u: R* — R
defined by

2 2 2
u(xy, x2,x3) = x1° + x2° — 2x3

is harmonic on R3.

Example: If Q is an open subset of R?
and £ is analytic on €2, then Ref and
Imf are harmonic on 2.

Forx = (x1,...,x,), let

x|l = Va2 4 -+ + x,%

Example: The function
x = |2
is harmonic on R" \ {0}.

Newton knew that
1

]

is harmonic on R? \ {0}.

Example: If { € R" and ||¢|| = 1, then
i
[lx = ¢l

is harmonic on R" \ {(}.




Dirichlet problem

Dirichlet problem: Suppose Q2 is an

open subset of R". Given f € C(99), (solution to Dirichlet problem on B A
find u € C(Q) such that u is harmonic —
on Q and ulspq = f. Suppose f € C(9B). Define u: B— R by
1 — ||x||? .
Johann Dirichlet () = /a I —HCH"f(C) do(¢) ifxeB,
(1805-1859) S
g f(x) if x € OB.
= —_ . .
Let B denote the open unit ball in R”: Jhen u € C(B) and u is harmonic on B. D
B={xeR": x| <1}. The function « above is called the Poisson
Thus 9B is the unit sphere in R": integral of f; it is the solution to the Dirichlet

OB = {x cR": ||x|| _ 1} prOblem forf.

Let o denote surface area measure on
0B, normalized so that o(0B) = 1.



Poisson integral of a polynomial is a polynomial

(solution to Dirichlet problem on B

Suppose f € C(9B). Define u: B — R by

L= [P
u(x) = /a ¢l ()47 (C)

f(x) if x € OB.

if x € B,

kThen u € C(B) and u is harmonic on B.

(Poisson integral of a polynomiaI\

( Definition: P, A

LFor m a positive integer, let

P = {polynomials on R" with degree < m})

Suppose m is a positive integer, f € Py,
and u is the Poisson integral of f. Then
u € P, and

degu < degf.

\ J

Example: Suppose n = 3 and

F(x1,%2,%3) = x1220%3.
Then

u(x) = 1 (ax3 — [|x[|x223 + 7x1%x2x3) .



Poisson integral of a polynomial is a polynomial

(Poisson integral of a polynomial b Define a linear map L: P,,_> — P_» by
Lg = A((1 — [Ixl*)g)-

Suppose m is a positive integer, f € P,

and u is the Poisson integral of f. Then Suppose g € P,,_» and Lg = 0. Thus
» and
e (1= |lx)g
\ Sl < SRy ) is harmonic and vanishes on 9B. Hence

Proof We guess that (1—[xI)g =0.
u=(1—|x|[*)g+f Thus g = 0. Hence L is injective.
for some P Thus L is surjective.
e moe 8 < ’ m—z'h ) Hence 3g € Pp_s with
e need to show that dg € P,,_» wit
A((1 = |Ixl*)g) = —AF. n

A((1 —||x[*)g) = —Af.



Dirichlet problem for ellipsoids

( Dirichlet problem for ellipsoids w Example: The harmonic polynomial
that equals x;'° on

Suppose (2 is an ellipsoid in R” and
f € Pn. Then there exists a harmonic
polynomial u € P,, such that u|sq = f. has value

500945213823452554440546462385400584789

Given an ellipsoid 2 and a polynomial f,  397263369506735959801289842040922215251461
how do we find u?

{x e R : 2x)2 + 3x% + 4x32 = 1}

at the origin.

None of the methods that work for the
ball worked for ellipsoids.

Again, differentiation leads to a good
algorithm. The results are considerably
more complicated than on the ball.



Neumann problem on ellipsoids

E’;Jtppose B1, ..., B, are positive numbers. (Neumann problem N
q(x) = q(x1,...,x%,) = Bix1? + -+ + Buxn?, Suppose f € P,,. Then the following
E={xeR":q(x) <1}. are eqUiVE}'ent (here A = surface area):
Let n(x) be the outward-pointing unit normal ) /aE INZ dA =0.

on OF atx € OE. Thus
* (b) There exists a harmonic

n(x) = Va(x) , polynomial u € P,, such that
Vel "
where Vu-Vg=fonOdE.
_ 5 B, (c) The_re exists a harmonic function u
(Vg)(x) =2(B1x1, - - -, Buxn) on E such that
Outward pointing normal derivative of u is f
Vq Dnu = W on OE.
Dhu=Vu-n=Vu- .
" [Vl ~ o



proof that (c) implies (a)

(Neumann problem A

Suppose f € P,,. Then the following
are equivalent (here A = surface area):

—f =
@ /a v 4=

(b) There exists a harmonic
polynomial u € P,, such that

Vu-Vq=fonoE.

(c) There exists a harmonic function u
on E such that

Dyu = L on OE.

V4|

\_ J

A = surface area measure on OE.
V = volume measure on R”.

( Green’s Second Identity w

If « and w are smooth functions on E, then

/(wAu—qu) dv = / (W Dpu—u Dyw) dA.
E OE

Suppose u is harmonic on E. Take w = 1.

Then
0:/ DhudA
OE

Thus (c) implies (a).



integrals on ellipsoids

Recall that A is surface area measure on OE.

Gormula for surface area integral on ellipsoid R
Suppose a = (ai, ..., ay) is an n-tuple of nonnegative even
integers. Then

/ x dA(x) = nvol(B) (o = DU+ (0 —

& Vgl 2 T, ot "+ 2) (o] =2) )




Kelvin transform

- — If » > 2 and u is harmonic on an open
( Definition: inversion in the sphere w subset of R”, then

For x € R" U {o0}, define x = u(x")
«_ X is almost certainly not harmonic on Q*.
= .
X
x| - N

Definition: Kelvin transform
Note that (x*)* = x for all x € R" U {o0}. : : :
If n = 2, then Suppose u is a function defined on

Q C R". The Kelvin transform K|u] is the

1
&= % =X=c function on Q* defined by
|z Z 3z S
Thus if u is harmonic on an open subset Q \_ (Ku]) (x) = []x[["u(x")- )

of R?, then the ma
P K[K[u]] =u

% *
2 u(Z’) K[1] = x> and K[Jx|*"] =1

is harmonic on Q*.



Kelvin transform and harmonic functions

(Klu) () = o>~ ()

(Kelvin transform preserves harmonicity\

(Laplacian of Kelvin transform\

@ A function is harmonic if and only if its Kelvin
transform is harmonic.

@ More precisely, suppose u: 2 — R is defined
on an open set 2 C R”. Then u is harmonic

If uis a C? function on an open
subset of R" \ {0}, then

on € if and only if K[u] is harmonic on Q*.

A(K[) = K[ll[*Au].

Lord Kelvin
(1824-1907)




using Kelvin transform to compute Poisson integral

D= (Dy,...,D,)
Example: Iff(xl,xz,X3) = SX12JC23X38,
then

f(D)u = 5D,’Dy>D3du.

(Poisson integral formula

( mapping from polynomials to}

harmonic polynomials

If f is a homogeneous polynomial in
Pu, then the Poisson integral of f
equals

—KIFD)I "]+ g

harmonic polynomial in P,,.

tf f € Py, then K[£(D)|x||>"] is a

Let

m—1

cn=[[@—n-2k).

k=0

Cor some polynomial g € P, _».

The result above leads to a very fast
algorithm for computing the Poisson
integral of a polynomial.
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