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D = open unit disk

dA = normalized area

1 <p<oo

Bergman space BP =

{h analytic on D :

1l = ( [ a7 a4)*"" < oo}
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Bergman space BP =

1
{h analytic on D : [[hlly = ( [ nP dA) /P < ool

Hardy space HP =
{h analytic on D :

248 1/p
hll, = sup / h(re')|P < 00
il = sup ([ InGre®P S) }

HP C BP, clearly.

HP C B?P, which is considerably deeper.
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Note two p norms. Will be clear from context.


h(z) =202 g anz"™ =
o0 2
5 . lan|< \1/2
rm of h =
the B2 no ( 3 . 1)

=0

and

2 (- 2\1/2
the H normofh_(Z|an|) .

n=0




{an} C D is a BP zero set if 3h € BP such that

{an} = h~1(0).

{an} is an HP zero set <=

Z (1 —|an|) < o0
n—1

Horowitz (1974): {an} is a BP zero set =

oo

Z (1 — |6Ln|)1_|_(E < o0

n=1

for all e > 0.
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Consequences of H^p: zero set does not depend on p, union of two zero sets is a zero set, subset of a zero set is a zero set. Internally tangent disk.


Horowitz (1974): If 1 < p < q < oo, then there
exists a BP zero set that is not a BY zero set.

Horowitz (1974): The union of two BP zero
sets is not necessarily a BP zero set.
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q is not the index conjugate to p.


Horowitz (1974): Every subset of a BP zero
set is a BP zero set.

Proof: Let h € BP and {an} C h~1(0). Then
h(z)
1l |G| a,n—_z (2_ lan| an—z)

an 1 — anz an 1 — anz

€ BP.
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Also with a norm estimate.


A closed subspace FE C B2 is called invariant if

2l C E.
Example: Fix {an} C D. Let

E = {h € B?: h(an) =0 Vnl.

Corollary: There exist two nonzero invariant
subspaces of B2 whose intersection is {0}.




If £ C H? e |
IS Invariant, then % 3
dimE/zE = 1. 3 Ly

Apostol, Bercovici,
Foias, Pearcy (1985):
Let

n € {1,2,...} U{oco}.
hen there exists an
iInvariant subspace

E C B2 such that LJ‘

dimE/zE = n. Ciprian Foias
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If E is determined by a zero set, then dim E/zE = 1. Refereeing story.


Let ¢ be a bounded analytic function on D.
Define Tyh = gh.
Nehari (1957): Ty*Ty—TyT,* is compact on H?
< ge H* 4+ C
— g € VMO.
Axler (1986): Ty*Ty, — T4T,* is compact on B2

< lim (1 —|z|)¢'(z) = 0.

|z| =1
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H^\infty +C is a good guess because closed algebra. First sign that Bergman space may not be so bad: integral operator instead of singular integral operator, even though orthogonal complement is bad. Hankel operators.


Suppose {a,} is an H? zero sequence.
et

b(z) = H an] n =7

an 1 — anz

If h € H?, ||h||> =1, and h(an) = 0 Vn, then

()] = [;(0) b(0)] < v(0).
T hus

b(0) = sup{|h(0)| : h € H?,||h||]2 = 1, h(an) = O Vn}.
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Assuming no a_n = 0.


Suppose {an} is a B? zero sequence.

Let b be the unique function with 5(0) > 0 that
attains the sup in

sup{|h(0)| : h € B?,||h|l2 = 1,h(an) = O Vn}.

Example: If {an} contains only one point a,
then

.
| 1 — |a|?

b(z) = 1— ( a] ) .
aly/2 ~ |af? Lo




Hedenmalm (1991):

Let b be the solution to
the extremal problem

for functions zero on {an}.

Then {an} is
the zero set of b.

Furthermore, if h € B2
and h(an) = 0 Vn, then

h
17112 < 1Al

Haakan Hedenmalm




Suppose E C BZ is invariant. The extremal
function for E IS the unigque function b with
b(0) > 0 that attains the sup in

sup{|h(0)| : h € E, ||hl|2 = 1}.
b L {h€ E:h(0)=0}; thusb L zE;
thus b L 2™ Vn > 0; thus
(%) /D 5(2)|22" dA(z) = 0 V¥n > 0.

Functions b € B2 with ||b||o = 1 satisfying (*)
are called B2-inner.




For A C B2, let [A] =
smallest closed invariant
subspace of B2 containing A.

Aleman, Richter, Sundberg
(1996): If E C B2 is
invariant and dim E/zE = 1,

then
E = [b],

where b IS the extremal
B2-inner function.

Stefan Richter




Aleman, Richter, Sundberg
(1996): If E C B2 is
Invariant, then

E =[E © zE].

Carl Sundberg




k € B2 is a B2-outer function if |g(0)| < |k(0)|
whenever g € B? and ||pgl||> < ||pk||> for all
polynomials p.

Aleman, Richter, Sundberg (1996): Let k € B2.
Then [k] = BZ if and only if k is B2-outer.

Aleman, Richter, Sundberg (1996): Let h € B=.
Then there exist a B2-inner function b and a
B2-outer function k such that

h = bk.
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Definition due to Korenblum, who also conjectured this theorem about cyclic vectors.


P = orthogonal projection
from L2(D,dA) onto B2.

For g € L°°(D,dA), define
Toeplitz operator
T, : B> — B~ by

Tyh = P(gh).

For which g € L°°(D,dA)
IS Ty compact?

Otto Toeplitz




For z € D, there exists K, € B2 such that

h(z) = (h,K,) Vh € B?.

K. (w) 1= |Z|2
| Kz||2 (1 —zw)?

For S : B2 — B2, define the Berezin transform
S:D — C by

- K, K,
= <S(||Kz||2)’ ||Kz||2>‘




For g € L®(D,dA), let §=T,. | If g is analytic,

then g = qg.
§(z)—<T( Kz ) Kz > g 9
TN 1Kl

If g iIs harmonic,

then § =}
. gK K,
1Ko || K 2|2 Ahern, Flores,
Rudin (1993):
(1 — |2[#)? If g € LY(D,dA)
= [ _g(w) il —dA(w) i
D 11 — zw| and g = g, then

g IS harmonic.
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The Berezin transform is the analog of the Poisson integral.


_ KZ KZ
S(z) = <S(||KZ||2)’ ||K’z||2>

If S iIs compact, then
S(z) =0 as |z| =1,
but the converse IS not true.

Axler, Zheng (1998): Suppose S is a finite sum
of finite products of Toeplitz operators. Then
S i1s compact if and only if

S(z) -0 as |z — 1.




Stephan Bergman
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