The Berezin Transform on the Toeplitz Algebra

Sheldon Axler Dechao Zheng
San Francisco State University Vanderbilt University

D = open unit disk.
dA = area/r.

Bergman space:
L2 ={f € L%(D,dA) : f is analytic on D}.

Foru € L>°(D, dA), Toeplitz operator Ty, : L2 — LZ2:

where P is orthogonal projection of L2(D, dA) onto L2.

H*®° = bounded analytic functions on D.



Toeplitz algebra 7 =
C*-subalgebra of B(L2) generated by {T}, : h € H>®}.

C = commutator ideal of 7.
7 /C is a commutative C*-algebra. Which one?

U = C*-subalgebra of L°>°(D, dA) generated by H°.

M = maximal ideal space of H*°.
U=~=Cc(M).

For z € D, define p,: D — D by

< — W

px(w) = 1 —zZw

For m € M, define ¢, : D — M by

pm(w) = lIM @z (w).

Z—m

em(0) = m.
om (D) is the Gleason part of M containing m.

Mi={meM:pn(D)=m}.

McDonald, Sundberg (1979): 7 /C ~ C(M1).



McDonald, Sundberg (1979): 7 /C ~ C(M1).

Structure of proof: Recall that
U = C*-subalgebra of L°>°(D, dA) generated by H°;
U==Cc(M).

Consider the map U/ — 7T /C defined by

ur— Ty, + C.

This map is surjective, a homomorphism, and its kernel
equals {u € U : u|pq, = 0}. N

Each S € 7 can be written in the form

for some v € U and some R € C. The choice of w and R
is not unique. Is there a canonical choice?



For z € D, reproducing kernel K, € LZ:

f(z) =(f, Kz)
forall f € L2.
1 1
K (w) = (1 7w)2 1N = T — EE

For S € B(L?2), Berezin transform §: D — C:

~ <SKz,Kz>
S(z) = :
el

Theorem: S € T — S € U.

Theorem: uq,...,unp € Y =

for all m € M.

Corollary: uq,...,unp € Y =

(Tuy -+ Tup) (m) =ui(m) ... up(m)
for allm € M.



Corollary: uq,...,up € U =

(Tuy - Tup) (m) =ui(m) ... up(m)
for all m € M.

Corollary: R, S €¢ T —
(RS)(m) = R(m)S(m)

for all m € M.

Corollary: Suppose S € 7. Then

SeC <« S|m, =0.

Proof of ==: Follows from previous corollary.

Proof of <—: Suppose S|, = 0. By
McDonald-Sundberg

S=1T,+ R forsomeucl, ReC.



Now
0 = S|pm,
— (TU)~|M1 + R|./\/l1
= u|M1.
Thus T, € C (by McDonald-Sundberg). Thus S € C. i



Corollary: Suppose S € 7. Then

SEC<:>§|M1=O.

Corollary: S € T =— S —Tg € C.
Proof: (S — T§)~|./\/l1 = §|./\/11 — §|./\/l1 =0.1

Canonical Decomposition: If S € T, then

eC




Foru € L°°(D,dA), Berezin transform w.: D — C:

i(2) = (T, (2)
=@ -2 [ M daw)

D |1 — zw|?

— /D(u 0 p2)(w) dA(w).

Englis (1994), Ahern, Flores, Rudin (1993):
u 1S harmonicon D <— u = u on D.

Proposition:
uvueld —uel,

i(m) = /D(u o om) (w) dA(w) for all m € M:

ﬂ|./\/11 — u|./\/11=

u — u has nontangential limit O a.e. on 9D.

When does © — u have limit O everywhere on 0D?



harmonic on parts:
HOP = {u € U : wo pn is harmonicon D Vm € M\ D}.
Theorem: Suppose u € U. The following are equivalent:
1) u(z) —u(z) > 0as z— 9D;

2) u =wuon M\ D;

3) u € HOP;

4) u € HOP;

5) Ty, — T% is compact;

(
(
(
(
(
(6) (1 12|2)2(AT)(2) — 0as z — OD;

If u is a finite sum of functions of the form wq ... un,
where each u; is bounded harmonic, then

(7) (1 — |2|2)2(Au)(z) — 0as z — OD.
Theorem: Suppose S is a finite sum of operators of the

form Ty, ... Tu,, where each u; € U. The following are
equivalent:

(1) S — T’z Is compact;
(2) S € HOP;
(3) (1 — |2|2)2(AS8)(z) - 0as z — ID.



